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MASS MINIMIZERS AND CONCENTRATION FOR NONLINEAR 
CHOQUARD EQUATIONS IN R N 


HONG YU YE 


Abstract. In this paper, we study the existence of minimizers to the following functional 
related to the nonlinear Choquard equation: 


E(u) 



|V«| 2 +1 



V{x)\u\ 2 


1 

2 P 


(Ia * M P )M P 


on S(c ) = {u € i7 1 (K JV )| f RN V(x)\u\ 2 < +oo, [wR = c, c > 0}, where N > 1 a £ (0,1V), 
— P < (N-Z)+ an< ^ C ■ ^ ® i s the Riesz potential. We present sharp existence re¬ 

sults for E(u) constrained on S(c ) when V(x) = 0 for all < p < ( n-^)+ ■ F° r the mass 
critical case p = N+ £ +2 , we show that if 0 < V(x) G Lf£ c (R N ) and lim V(x) = +oo, 

| cc | —>-+oo 

then mass minimizers exist only ifO < c < c* = \Q \2 and concentrate at the flattest 
minimum of V as c approaches c* from below, where Q is a groundstate solution of 
—Au + u = (I a * \u\ + « + )|u| + « + ~ 2 u in M. N . 


Keywords: Choquard equation; Mass concentration; Normalized solutions; Sharp exis¬ 
tence. 
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1. Introduction 


In this paper, we consider the following semilinear Choquard problem 

—A U — fiU — (I a * |'u| P )|'u| P_2 'U, X e R N , (1.1) 

where N > 1, a e (0, N), < p < ( J+° + , here if IV > 3 and = 

-|-c>o if N = 1,2. I a : —> M is the Riesz potential [23] defined as 


I Q (x) 


£(gg) 1 

r(f)7TT2 Q \x\ N - 


Vie 


Problem (1.1) is a nonlocal one due to the existence of the nonlocal nonlinearity. It 
arises in various fields of mathematical physics, such as quantum mechanics, physics of 
laser beams, the physics of multiple-particle systems, etc. When N = 3, /i = — 1 and 
a = p = 2, (1.1) turns to be the well-known Choquard-Pekar equation: 

—A u + u = (J 2 * \u\ 2 )u, x G M 3 , (1.2) 


a: Partially supported by NSFC No: 11371159 . 
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which was proposed as early as in 1954 by Pekar [22], and by a work of Choquard 1976 
in a certain approximation to Hartree-Fock theory for one-component plasma, see [11, 13]. 
(1.1) is also known as the nonlinear stationary Hartree equation since if u solves (1.1) then 
ip(t,x) = e lt u(x) is a solitary wave of the following time-dependent Hartree equation 

iifrt = — — (/« * \^>\ p )\ip\ p ~ 2 ip in M + x W N , 

see [ 6 , 18]. 

In the past years, there are several approaches to construct nontrivial solutions of (1.1), 
see e.g. [5, 11, 14, 15, 17, 18, 24] for p = 2 and [19, 20]. One of them is to look for a 
constrained critical point of the functional 

i r (n) = lf iv«i 2 --!-/' (/„*|Mr)i“r (i.3) 

z Jm Z P Jr n 

on the constrained L 2 -spheres in H 1 (R N ): 

S(c ) = {ue H\R n )\ \u \ 2 = c,c > 0}. 


In this way, the parameter 4 K will appear as a Lagrange multiplier and such solution 
is called a normalized solution. By the following well known Hardy-Littlewood-Sobolev 
inequality: For 1 < r, s < +oo, if / G L r (R N ), g G L S (R N ), A G (0, N) and £ + ^ + A = 2, 
then 

f f f(x)g(y) .... 

— C^r,X,N\f [rl^lsj (1-4) 


\x - y\' 


we see that I p (u) is well defined and a C 1 functional. Set 

J p (c 2 ) = inf I p (u), 

uGS(c) 


(1.5) 


then minimizers of I p (c 2 ) are exactly critical points of I p (u) constrained on 5(c). 

Normalized solutions for equation (1.2) have been studied in [11, 14]. In this paper, one 
of our purposes is to get a general and sharp result for the existence of minimizers for the 
minimization problem (1.5). 

To state our main result, we first prove the following interpolation inequality with the 
best constant: For < p < ^[77 , 


(Ia*\u\ P )\u\ P < 


P 


I Q 


12p—2 


V 12 


|v«| ; 


Np— 

2 


u 


N+a-(N-2)p 

2 


(1.6) 


where equality holds for u = Q p , where Q p is a nontrivial solution of 


• — { ^ + a) AQ P + N + a 2)p Q P = (I a *\Q P \ p )\Qp\ p ~ 2 Qp, xeR N . (1.7) 


In particular, Qn+z+i is a groundstate solution, i.e. the least energy solution among all 

N 

nontrivial solutions of (1.7). Moreover, when p = N+ ^ +2 , all groundstate solutions of (1.7) 
have the same L 2 -norm (see Lemma 3.2 below). 
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Recall in [12] that for p = the following Hardy-Littlewood-Sobolev inequality with 
the best constant: 



N-\-a. . . . N-\-a 

N )\u\ N < 


1 


2(iV+o-) 

O w+o U N 



( 1 . 8 ) 


with, equality if and only if tl — C*) N+a , where 0 N+a — C t r?2+ |^_ a ,|2 J 2 , C > 0 is a fixed 
constant, a G M. N and r/ G (0, +oo) are parameters. 


Then our first result is as follows: 

Theorem 1.1. Assume that N > 1, a G (0, N ) and N+a 

V+c 
N 


(!) Up = for any c>0, 


N 


< n < N + a 
— P ^ (JV- 2) 4 


I N+a (C ) = 

IV 


IV 


2(iV+a) 
I IV 


2(-/V + tt) | Q jV + a | 9 ' 

and I N+a (c 2 ) has no minimizer. 

N 

(2) If — i- < p < N+ jf +2 , then I p (c 2 ) < 0 for all c > 0, moreover, I p (c 2 ) has at least one 
minimizer for each c > 0 . 

(3) Ifp = N+ !f +2 , /ef c* := |d N+a+2 1 2; fhen 

0 , */0 < c < c*, 

—oo, */ c > c*; 

(ii) I N+a +2 (c 2 ) has no minimizer if c*; 

(ra) each groundstate of (1.7) is a minimizer of I N+a+2 (C*) • 

there is no critical point for J jy + a +2 ( u) constrained on S(c) for each 0 < c < c*. 


(i) I N+a + 2 (c 2 ) = 


(4) If 

—oo. 


N 


< 


p < (nUz)+ > then I p (c 2 ) has no minimizer for each c > 0 and I p (c 2 ) = 


Remark 1.2. Theorem 1.1 can be seemed as a consequence of the results in Theorem 9 
of [11] for p = 2 and in Theorem 1 of [19]. However, we still state and prove Theorem 1.1 
here by using an alternative method since our result is delicate and it provides a framework 
to our subsequent main considerations. 

Remark 1.3. 

( 1 ) c* is unique. 

( 2 ) Since the positive solution of (1.7) with a = p = 2 is uniquely determined up to 
translations see e.g. [3, 8 , 10], it follows that if N = 4 and a — 2, then up to transla¬ 
tions, the minimizer of I N+a +2 (c 2 ) is unique and there exists no critical point for 
I N+a +2 (u) constrained on S(c) for each c A c*. 

N 

(3) For N > 3 and N+ ^ +2 < p < , it has been proved in [9] that for each c > 0, 

I p (u ) has a mountain pass geometry on S(c ) and there exits a couple (u c , p c ) G 5(c) x M _ 
solution of ( 1 . 1 ) with I p (u c ) = y(c), where 7 (c) denotes the mountain pass level on S'(c). 
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By Theorem 1.1, p = N+ ff +2 is called L 2 -critical exponent for (1.5). In order to get 
critical points under the mass constraint for such L 2 -critical case, we add a nonnegative 
perturbation term to the right hand side of (1.3), i.e. considering the following functional: 


E(u) = - 


iv«i 


1 

+ 2 


V(x)\u\ 


N 


2{N + a + 2) 


(I* 


* \u 


N±a±2 

N )\ U \ 


N+a+2 

N 


(1.9) 


where 

V(x) G L?° (R n ), inf V(x) = 0 and lim V(x) = +oo. (Vo) 

xeS. N |x|-s>+oo 

Based on (Vo), we introduce a Sobolev space TL = {u G i/ 1 (M jV )| f RN V(x)\u 2 < +cx)} 
with its associated norm ||w||^ = (/ r at(|Vu | 2 + |u | 2 + V(x)\u\ 2 ))^. 


Theorem 1.4. Assume that N > 1, a G ( 0,N) and (Vo) holds. Set 


e c = inf E(u), 

u£S(c) 


( 1 . 10 ) 


where S(c) = {u Edi] \u \ 2 = c}. Let c* be given in Theorem 1.1. 

(1) //0 <c<c*, then e c has at least one minimizer and e c > 0; 

(2) Let N — 2<a<N if N>3 and 0 < a < N if N = 1,2, then for each c> c* 

, ... „, f 0, if c = c* 

has no minimizer; Moreover, e c = 


.and lim 

-OO, IJ C C* 


6 r — 6 r 


We also concern the concentration phenomena of minimizers of e c as c converges to c* 
from below. Let u c be a minimizer of e c for each 0 < c < c*, then by (1.6) and Theorem 
1.4, we see that f RN V(x)\u c \ 2 —» 0 as c —> (c*) _ , i.e. u c can be expected to concentrate 
at the minimum of V(x). To show this fact, besides condition (Vo), we assume that there 
exist m > 1 distinct points x t G and (p > 0 (1 < i < m) such that 




lim 

X^rXi 


V(x) 

X — Xi\ qi 


G (0, +oo). 


(^i) 


Set 


q \= max{gi, q 2 , ■ ■ ■ ,q m }. 

Let {c k } C (0, c*) be a sequence such that c k —>• c* as k —>• +oo. Then Our main result is 
as follows: 


Theorem 1.5. Suppose that N > 1, a G [N — 2, TV) if N > 3 and a G (0, N) if N — 1,2 
and (Vo)(Vi) hold. Then there exists a sequence { x k } C and a groundstate solution Wq 
of the following equation 

—A Wq + Wq = {I a * \Wq\ E± ^ ±1 )\Wo\ E± ^ ±1 ~ 2 Wq, xeR n (1.11) 


arid 


X := 


min 

l<i<m 



Xi 



\x 


9i 


\W 0 (x)f 


1 

i+ 2 
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such that up to a subsequence, 


H / Ck \ 2 ( a + 2 ) 1 A. / r -. / '-'/C \ 


N r/ a + 2 

iV ],+ 2 X +a; fc ) [(__) 9 + 2 A] 


w 0 {{ 


a + 2 
AT 


m L jv +«(M JV ) for < s < as &; —>■ +oo. Moreover, there exists Xj 0 E 

A, 1 < i < m} such that Xk —* x JO as /c —* +oo. 


)<j+ 2 At) 

( 1 . 12 ) 

A^ 


Remark 1.6. It has been proved in [19] that for a E [iV — 2, N) if IV > 3 and a E (0, N) if 
N — 1,2, then each gronndstate solution u of (1.11) satisfies that lim |'u(a:)||x| _ 2 - E 

|tc | —^-|-oo 

(0,+oo). Hence \ E (0,+oo). 

The result in Theorem 1.5 is different from that in [16] studying the case p < N+ jf +2 , 
where one considered the concentration behavior of minimizers as c —> +cxd. The concen¬ 
tration phenomena have also been studied in [21] and [4] by considering semi classical limit 
of the Choquard equation 

—e 2 Au + Vu = £~ a (I a * \u\ p )\u\ p ~ 2 u in R N . 


However, since the parameter is different, we need a different technique to obtain our result. 

The main proof of Theorem 1.5 is based on optimal energy estimates of e c and f RN | Vu c | 2 
for each minimizer u c . The main idea to prove Theorem 1.5 comes from [7], which was 
restricted to the case of local nonlinearities. But clue to the fact that our nonlinearity 
is nonlocal and that the assumption imposed on (V) is more general than that in [7], 
the method used in [7] can not be directly applied here. It needs some improvements 
and careful analysis. First, by choosing a suitable test function, we get that 0 < e c < 
C'i [1 — (f-) n ]FF3 as c —y (c*)~ for some constant C\ > 0 independent of c. The lower 
bound now is not optimal. The method in [7] by using the perturbation term f RN V(x)u 2 
to remove the local nonlinearity term does not work in our cases. To obtain an optimal 
lower bound, we notice that f RN |Vu c | 2 —» +oo as c —» (c*) _ , moreover, 


N 


lim 

e—Kc„)“ 


Jr 


. . N+cx+2 

\ i i 

Kl N 

)kl 


N+ct+2 


Jr N \^ U C 


1 . 


Then by taking a special L 2 -preserving scaling as: 


N_ 

W c (x) = £c U c (£ c x + £ c y c ), 


(1.13) 


where 


^ 2 = 


2(1V + a + 2) 


AT C t T I | N+a+2 . . , JV+o+2 

N J R N{I a * \U C \ ff )\u c \ N 


—t 0 as c —t (c* 


and the sequence {y c } is derived from the vanishing lemma, we succeeded in proving that 
there is a constant C- 2 > 0 independent of c such that 


V(£ c x + £ c y c )\w c (x)\ 2 > C 2 £ q c as cg (c*) , 
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2(o:+2) q 

which and (1.6) implies that e c > C^l —(^) ** ] 1+2 for some constant C 3 > 0 independent 
of c. In succession, there exist two constants 0 < C 4 < C 5 independent of c such that 
C 4 [ 1 — (ff) ( n "]«+2 < J rN |Vu c | 2 < Cs[ 1 — (^-) ( n } ]FT 2 . Finally, by using the Euler- 

Lagrange equation u c satisfied and the scaling (1.13) again with e c — [1 — (^-) n ]«+ 2 ) 
we show that 


2(a+2) 
[!-(-) " ] 


s-q 

9+2 — 


2A 2 c 2 


N 


a+ 2 


q 

q-\- 2 


as c —M c* 


which implies ( 1 . 12 ). 

Throughout this paper, we use standard notations. For simplicity, we write f Q h to mean 
the Lebesgue integral of h(x) over a domain C M> N . L p := L P (R N ) (1 < p < +cxd) is the 
usual Lebesgue space with the standard norm | • | p . We use “ —> ” and “ — 1 ” to denote 
the strong and weak convergence in the related function space respectively. C will denote 
a positive constant unless specified. We use “ := ” to denote definitions. We denote a 
subsequence of a sequence { u n } as {u n } to simplify the notation unless specihed. 

The paper is organized as follows. In Section 2, we will determine the best constant for 
the interpolation estimate (1.6) and give the proof of Theorem 1.1. In section 3, we prove 
Theorems 1.4 and 1.5. 


2. Proof of Theorem 1.1 


In this section, we first prove the interpolation estimate (1.6). It is enough to consider 
the following minimization problem: 


where 


W p (u) = 


S„ = inf W p (u), 

uGH l(R^)\{0} 


Np— (N-\-ct) N-\-a — (N—2)p 

(In" l Vu l 2 ) 5 (Sr n M 2 ) 2 


/r*(4*M p )M p 

Lemma 2.1. ({19] ; Lemma 2.4) Let N > 1, a G (0, N), p e [1, -£t-) and {u n } be a 


2 Np 


bounded sequence in L N +<* (R N ). If u n u a.e. in as n +oc ; then 

lim ([ (I a * \u n \ p )\u n \ p - [ (I a * \u n - u\ p )\u n - ulA = [ (I a *\u\ p )\u\ p . 

n—>+°o \J r n Jm. n J J r n 

Lemma 2.2. ([26], Vanishing Lemma) Let r > 0 and 2 < q < 2*. If {u n } is bounded in 
H\R n ) and 

sup / \u n \ q —> 0, n —)■ Too, 

y€R N JB r (y) 

then u n — y 0 in L S (R N ) for 2 < s < 2*. 
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Lemma 2.3. Let N > 1, a G (0, N) and < p < , then S p is achieved by a 

function Q p G i/ 1 (M Ar )\{0}, where Q p is a nontrivial solution of equation (1.7) and 


S P = 


I Q, 


2p—2 

P 12 


P 


Proof. The lemma can be viewed as a consequence of Proposition 2.1 in [19] and Theorem 
9 in [11], but we give an alternative proof here. The idea of the proof comes from [25], but 
some details are delicate. 

Since W p (u) > 0 for any u G if 1 (M iV )\{0}, S p is well defined. Let {u n } C i/ 1 (M Ar )\{0} 
be a minimizing sequence for S p , i.e. W p (u n ) —* S p as n —* +oo. Set 


* 


(/« 


Ur, 


(V |V«„P)T 


Pn ■ — 


(I, 


jjiv l^nl - ) 2 


(/„» |Vm„I 2 )5 


and 


( 2 . 1 ) 


Ui(*^) • ^n'U'n(hn'E') • 

Then f Rjv |u n | 2 = / Rjv |Vn n | 2 = 1 and 

W p {vn) = W p {u n ) —>• S p as n —>• +oo, 

i.e. {u n } is a bounded minimizing sequence for S'p. 

Let <5 := lim sup , , |u n | 2 . If 5 = 0, then by Lemma 2.2, v n —> 0 in L S (M JV ), 

n^+oo y£R N 1 ^ 

2 < s < 2*. Hence by the Hardy-Littlcwood-Sobolev inequality (1.4), 

1 


f / fp(n n ) — 


—t +oo, 


f RN {Ia * \Vn\ P )\Vn\ P 

which contradicts (2.1). Therefore, 5 > 0 and there exists a sequence {y n } C such that 


, 2 <5 

Vn > - > 0 . 


IB i(yn) 


( 2 . 2 ) 


Up to translations, we may assume that y n = 0. Since { v n } is bounded in H l fR N ) and by 
(2.2), there exists v p G H 1 (M. N )\{0} such that v n v p in H 1 (R N ). Then by the Brezis 
Lemma and Lemma 2.1, we have 

S P <Wp{v p ) 


< lim 

n—>-+oo 


WJv. 




* \Vn 


a ■ 


p\ u n ) 


/ R jv(^a * |^p| P )|7’p| p 


W p (v n - v p 




* Vn. - V„r )\V„. - Vn 


a n | u n u p | / | u n 


/ R lv(U* * \v p \ p )\v p \‘P 


< S n lim 


p 


n—>-+oo 


f R N (L a * 

\Vn\ 

\ r )K\ r - 

(Ic 

1 * 

\v r . 

i - Vp\ 

\ P )\Vn-V p \ p 

J r n(l q * 

\ v p\ 

| P )I' 

Vp\ 

\p 


= s p , 

i.e. W p (v p ) = S p . Moreover, |Vn p |2 = \vp \2 = 1 and S p = 


Jr N ( loc * \v p I p ) I tip I p 
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Therefore, for any h G H 


imAG d_ 
dt 


equation 


t =o 


W p ( v p + th) = 0 , i.e. v p satisfies the following 


■[Np — (N + a)}Av p + [N + a — (N — 2 )p\v p = 2 pS p {I a * M P )| 


v„r v p , m 


Let v p = (-Jg-) 2 r- 2 Qp, then Q p is a nontrivial solution of (1.7) and S p = 


\Q P \ 2 /- 2 


□ 


Next we give the proof of Theorem 1.1. For any u G S(c), set 

A(u) := / |Vw| 2 , B(u) := [ (I a * \u\ p )\u\ p , 

Jr n Jr n 

then I p (u ) = \A(u) — AB(u). It follows from (1.6)(1.7) that for < p < , 

Bin) < 


I Q 


(2.3) 


P 12 


(2.4) 


with equality for u = Q p given in (1.7), moreover, 

A(Q P ) = -B(Q P ) = \Qp\l 

p 

Lemma 2.4. Let N > 1 and a G (0, AT). 

(1) If < p < N+ ^ +2 , then I p (u ) is bounded from below and coercive on 5(c) for all 
c > 0, moreover, / p (c 2 ) < 0. 

TV+a+2 


(2) If p — + ° +2 , f/ien IN+a +2 (c 2 ) = 


0 , 0 < c < c« := |Q jv + q +2 | 2 , 

at 

—oo, c > c*, 


(3) If < p < (jV _ 2 ° + , £/mn / p (c 2 ) = -oo for all c > 0. 

Proof. (1) For any c > 0 and u G 5(c), by (2.3), there exists C := _T'' such that 

\Qp\2 


I P (u) > 


. , \ „ , , s Np-(N+a ) 

A(u) — CA(u) 2 


(2.5) 


Since < p < N+ ^ +2 , 0 < A^p — (N + ct) < 2. Then (2.5) implies that / p ('u) is bounded 
from below and coercive on 5(c) for any c > 0. 

Set vffx) := t~u{tx ) with £ > 0, then vf G 5(c) and 


t 2 


I p (u ) = —A(u) - 


^.Np-(N-\-a) 


B{u) < 0 for t > 0 small enough 


2 v ' 2 p 

since 0 < Np — (N + a) < 2, which implies that / p (c 2 ) < 0 for each c > 0. 

(2) When p = N+ ff +2 , Np — (N + a) = 2, similarly to (2.5) and (2.6), we have 

2 (a+ 2 )- 


( 2 . 6 ) 


A(u) 


I N+a+2 ( U ) > ^ 


1 - 


>0 if 0 < c < c* 


and I N+a+2 (c 2 ) < I N+a+2 {vf) —> 0 as £ —» 0 + for all c. Then J iv+o +2 (c 2 ) = 0 if 0 < c < c*. 
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If c > c*, set Q t (x) : = Q Af+g+2 (tx), then by (2.4), 


c 2 t 2 


then In+c +2 (c 2 ) = — oo for c > c*. 

AT 

(3) If N+ jf +2 < p < (n-2)+ > t ^ ien (A^ + a) > 2, hence by (2.6), we have I p (vf) -a —oo 
as t —* Too, so J p (c 2 ) = — oo for all c > 0. □ 

Lemma 2.5. If < p < N+ jf +2 , then 

(1) the function c ha J p (c 2 ) is continuous on (0, Too); 

( 2 ) 

J p (c 2 ) < I p (a 2 ) + J p (c 2 — a 2 ), V 0 < a < c < +oo. (2.7) 

Proof. The proof of (1) follows from Lemma 2.4 and is similar to that of Theorem 2.1 in 
[ 2 ], so we omit it. 

(2) For any c > 0, let {u n } C S(c) be a minimizing sequence for J p (c 2 ) < 0, then by 
Lemma 2.4, {«„} is bounded in H 1 (R N ) and there exists a constant K\ > 0 independent 
of n such that B(u n ) > K\. Set u e n = 6u n with 9 > 1, then u° n e S(9c) and 

n 2 n2p n'2 n2p 

Ip(u e n ) - 9 2 I(u n ) = B(u n ) < —-- Ad < 0. 

Ip Ip 

Letting n -A Too, we have I p (9 2 c 2 ) < / p (c 2 ), 9 > 1, which easily implies (2.7) by using 
Lemma 2.4 (1). □ 

Lemma 2.6. Let N > 1, a e (0, N) and < p < ■ If u is a critical point of 

I p (u ) constrained on S(c), then there exists p c < 0 such that I' {u ) — p c u = 0 in i7 _1 (M Ar ) 
and 

., , Np — (N + a) . . 

AM - I --B(u) = o. 

Proof. Since (/ p | 5 '( c )) , ('u) = 0, there exists /i c 6 l such that /'(«) — p c u = 0 in H~ 1 (M. N ). 
Then 

H(-u) — B{u) = p c c 2 . 

By Proposition 3.5 in [20], u satisfies the following Pohozaev identity, 


-A — oo as iA Too, 


r-imAA 


N-2 


N T ot , . -/V 2 
-A(u) = —u c c . 

2p y J 2 P 


Hence H(u) = A?J ) A+a) i3(u) and 


(N -> 2)p -> (N + a) , , _ 
= - 2 ^- B( “ ) < °- 


Proof of Theorem 1.1 
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Proof. (1) If p = ^ 2 , for any c > 0 and u G S(c), by (1.8) we have 


I N + a ( U ) > 


N 


2 (JV+a) 
N 


2 (IV + a) V |Q JV+a | 2 


IV 

Set Q t N+a(x) := p Q jy+a (tx ), then by (1.8) again, we see that 


I N+ol_ N+a ) 


c 2 t 2 


2|Q 


12 

iV-|-Q! 1 2 


A(Q AT+q: 


TV 


2(JV+a) 

N 


2 (TV + Of) \ |Q AT+a [9 


TV 


2(AT+q:) 

I W , 


letting t —)■ 0 + , then /jv±«(c 2 ) = 

By contradiction, if for some c > 0, there is u G Sic ) such that I n± a ( u ) 

N 

then ( 1 . 8 ) shows that 


0 5 1** - 


2 (N+a) ■ 
N 


B(u) 


I Cf N+a | 


< 0 , 


I N+a (C 2 ), 
N 


which implies that u = 0. It is a contradiction. So / jy+q (c 2 ) has no minimize!' for all c > 0 . 

(2) If ^2 < p < N+ ® +2 , for any c > 0, by Lemma 2.4, / p (c 2 ) < 0. Let {«„,} C S(c) 
be a minimizing sequence for J p (c 2 ), then Lemma 2.4 (1) implies that {u n } is bounded in 
H 1 (W N ) and for some constant C > 0 independent of n, B(u n ) > C. Hence there exists 
u G iL 1 (M Ar ) such that 

u n —^ u in H 1 (M N ) t u n (x) —> u(x) a.e. in R N . (2.8) 


Moreover, by the Vanishing Lemma 2.2, up to translations, we may assume that « / 0. 
Then 0 < |«|2 := a < c. We just suppose that a < c, then u G S(a). By (2.8) and the 
Brezis lemma, we have 

lim | u n — u I 2 = lim \u n \l — |it|| = c 2 — a 2 . 

n—>-+oo n— >-+oo 


Then by Lemma 2.1 and Lemma 2.5 (1), we have 

I p (c 2 ) = lim I p (u n ) = lim I p (u n - u) + I p (u) > I p (c 2 - a 2 ) + I p (a 2 ), 

n—^+oo n—>-+oo 

which contradicts (2.7). So \ 11\2 = c, i.e. u n —> u in L 2 (R N ). By (2.3), we have B(u n ) —> 
B(u). Then 

I p (c 2 ) < I p (u ) < lim I p {u n ) = / p (c 2 ), 

n —>+oo 

i.e. u is minimize!' for J p (c 2 ). 

(3) (i) has been proved in Lemma 2.5 (2). To prove (ii), by contradiction, if there exists 
Co G (0, c*) such that IN+a+2 (cq) has a minimizer uq G S'(co), i.e. I JV+ck+2 M = I iV+a+2 (Cq) — 
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0, then by (2.3), 


A K) = v N ~ < (— 

N + a + 2 V c* 


2(t*+2) 

N 


A(u 0 ) < A(u 0 ), 


which is impossible. So combining (i), we see that I n +^+2 (c 2 ) has no minimizer for all 

N 

c ^ c*. 

Bv (2.4), we see that In+a +2 (Q N+a+ 2 ) = 0 = /jv+ a + 2 (c 2 ), i.e. Qjv + a +2 is a minimizer for 

J V n - N - V - N -' - N - V *' - N - 

I n+c +2 (c 2 ). Moreover, by Lemmas 3.1 (2) and 3.2 below, each groundstate solution of (1.7) 
is a minimizer of I N+a +2 (c 2 ). So we proved (iii). 

For any c > 0, suppose that u is a critical point of I N+a +2 ( u ) constrained on S(c), then 
by (2.4) and Lemma 2.6, we have 

. . 2(c+2) 

N / r\ 

A(u) = 


—2 B(u) -yk 


A(u) 


which implies that c* < c. Therefore, there exists no critical point for I N+a +2 (u) constrained 

N 

on S(c) if 0 < c < c*. So (iv) is proved. 


N+a+2 


N-\-ol 


(4) By Lemma 2.4 (3), 7 p (c 2 ) has no minimizer for all c > 0 if < p < ^- 2 )+ • 


□ 


3. Proof of Theorems 1.4 and 1.5 


For p = 


_ N+a+2 


N 


, (2.3) turns to be 


B(u) < 


N+a+2 (1 

N 


2(o+2) 

N 


A(u)\u\ 


2(c+2) 


(3.1) 


with equality for u = Q N+a +2 and c* := I Qn+o+^U, where Q iv+a +2 is a nontrivial solution 

N N N 

of 

a + 2 

'+N _ 

N 


— NQ N+a + 2 + 

N N 


. , , J I N+a+2 I lV+n+2 2 / , 

W, N+a + 2 = (_ l a * |C/ jV+q + 2 | N ) \ (J N+a + 2 \ N (J N+a+2 , 111 


Set QN+a +2 (x) = ( J ) Q N+a +2 (J 9! jrx), then QN+a +2 satisfies the equation 


p+ p+ . . p+ . iV-|-Q=-|-2 p+ iV-|~Qd~2 _Q T7 . at 

— A Q N+a+2 + Q N+a+2 = (I a * I Q N+a+2 I N j \ Q N+ol+2 N Q N+a+ 2, in M. . 

N N N N N 

The following Lemma is a direct conclusion of Theorems 1-4 in [19]. 

Lemma 3.1. Assume that N > 1 and a G (0, N). 

(1) There is at least one groundstate solution u G iL 1 (M JV ) to (3.2) with 

F(u) = d := inf{F(n)| v G 77 1 (M Af )\{0} is a weak solution of (3.2)}, 

, If l9 , l9x N f * . N+a+2 . . N±a±2 

where F(v) = - (|Vv| + |t| ) - (4 * M » )M " . 

2 Jrn 2(N + a + 2) J r n 


nN 


(3.2) 
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(2) If u G i/ 1 (M JV ) is a nontrivial solution of (3.2), then u G L 1 (M Ar ) D C' 2 (M JV ), u G 
VT 2,s (M jv ) for every s > 1 and u G C oo (M Ar \'U -1 ({0}). Moreover, 


IV + a + 2 IV + a + 2 f 2 / \ 

-^(«) = —rs— / M=£(«)■ 


(3.3) 


IV ‘" v "' a + 2 

(3) If u is a groundstate solution of (3.2), then u is either positive or negative and there 
exists xq G ~R N and a monotone function v G C°°(0, +oo) such that 

u(x) = v(\x — xo|), V x G W N . 

(4) Let N — 2<a<N if N>3 arid 0 < a < N if N = 1, 2. If u is a groundstate 
solution of (3.2), then 

lim |'u(a;)||a;| - 2 - e \ x \ g (0,+oo). 

\x\— >+oo 

Moreover, |Vu(x)| = e - ^) as |x| —> +oo. 

Lemma 3.2. (1) d = y. 

(2) u is a nontrivial solution of (3.2) with \u\ 2 = c* if and only if u is a groundstate 
solution. 

Proof. For any nontrivial solution u of (3.2), then by Lemma 3.1 (1)(2) and (3.1), we have 

c* < I u\ 2 


and 


d < F{u) = 


u 


where equality holds only if u is a groundstate solution. In particular, since Qn+o +2 is a 

N 

nontrivial solution of (3.2), 


__ | (f) iV+a-f 2 | o 

d < F(O n + c + 2 ) = ■ 


c* 

2 


w— 2 

Therefore, if u is a groundstate solution of (3.2), then by Lemma 3.1 (3), u is nontrivial 
and 

r 2 17/1 2 r 2 

^<Ul = Flu) = d<—, 

2 ~ 2 ~ 2 

2 

which shows that d = y and \u\ 2 = c*. 

On the other hand, if u is a nontrivial solution of (3.2) with |it | 2 = c*, then 




U = 


2 ’ 


which implies that F(u) = d, i.e. u is a groundstate solution. 
Remark 3.3. Qn±o ±2 is a groundstate solution of (3.2). 


□ 


Lemma 3.4. (\l\) Suppose thatV G L^ C (R N ) and lim V(x) = + 00 , then the embedding 

|:r|—>-+oo 

PL '-G L s (R n ), 2 < s < 2* is compact. 
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Proof of Theorem 1.4 


Proof. Set 


C(u) := / V(x)\u\ 2 >0, WueH\R N ), 


then 


e(u) = 2M + C(u) 


N 


2 ' 2 2(N + a + 2) 

(1) By (3.1), for any 0 < c < c* and u G S(c), 


Bin). 


E(u) > 


2 (^+ 2 ) ' 

N 


A(u) + 2 ^( m ) — 0 ? 


(3.4) 


then e c = inf E(u) > 0 is well dehned for 0 < c < c*. 

«eS(c) 

For each 0 < c < c*, let {?j n } C S'(c) be a minimizing sequence for e c , then by (3.4), 
{u n } is bounded in PL. Hence there exists u c G PL such that u n —*■ w c in PL. By Lemma 
3.4, u n —> u c in L s (R n ), 2 < s < 2*, which implies that |w c |2 = c and B{u n ) —>• B{u c ). So 
e c < E[u c ) < lim E(u n ) = e c , i.e. u c G S'(c) is a minimizer of e c . Moreover, by (3.4), 

n —>-+oo 

e c > 0. So e c > 0 has at least one minimizer for all 0 < c < c*. 

(2) Let iV — 2<a<iVifiV>3 and 0 < a < N if N — 1, 2. For any c > 0, let 
<p G C^M^) such that 0 < <p(x) < 1, ip(x) = 1 for |x| < 1, <p(x) = 0 for |x| > 2 and 
|V<p| < 2. For any x 0 G and any t > 0, set 


<5*(^) = - — Xq)Q n±oc ±2 (t(x — Xo)), 


(3.5) 


where A t > 0 is chosen to satisfy that IQ*1 2 = c. By the exponential decay of Qjv+o+ 2 , we 

AT 

see that 

1 1 


vij) — 1 ) \Qh±s±i( x )\ 1 


as t —> + 00 . Then depends only on t and lim = 1. Since V(x)tp 2 (x — x 0 ) is bounded 

t —>+00 

and has compact support, CfQ*) —> ^V(x 0 ). 

£(Q*) - (—) g(j ^ ±gl t 2 {H(Q j v ±2± 2) 
c* l N 

f r t r/i / 1J \ \ N-\-oc-\-2 «. 1 ✓ v. - AT+o:+2 . X. . AT -|-Qi+2 . . ~ / >. . AT+qi+2 

+ / (4 *[(1^(7)! N - 1)|Qa±«± 2(y)| N ]}(|^(t)I n + l)|Qjv±q+2(x)l N 

J RN t. N t. N 

_ CA* -(JV+c+2) ^ l B (Q N+a+2 j + 

c* L iv 
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By the Hardy-Littlewood-Sobolcv inequality (1.4) and the exponential decay of Q N + a + 2 , 

N 

we have there exists a constant C > 0 such that 


\m\ <c 


I r JV + Q ' + 2 

Mj)} N 


2N 

N+a 


\Qn±o ±2 I 

iV 




. 2(iV+a+2) 
N+a 


N+a 
2 N 


< C 

< C 



\Q N±a+2(x)\ 

N 


2(N+a+2) 

N+a 


N+a 

2N 


r»+oo 


2(JV-1) 
N+a g 


2(N+a+2)_ r 
N+a ‘ 


N+a 
2 N 


< Ct 


2(N—1) 

2 n e 


AT+o:+2 . 
N 1 


as t +oo. 


Then by the exponential decay of Qn+o +2 and | VQ n+u +2 |, we have 


E(Q t ) = — -t 2 A(Q N+a + 2 
Act n ' 


1 - - 


2 (o:+ 2 ) -| 
N 


E t 2 E-—^V(xo) as t —> +oo, (3.6) 


where f 2 (t) denotes a function satisfying that lim \f 2 (t)\t r = 0 for all r > 0. 

t—H-oo 

If c > c*, then by (3.6), e c < lim E^Q 1 ) = — oo, hence e c = —oo and there exists no 

t —>+oo 

minimizer for e c . 

If c = c*, then by (3.4) and (3.6), 0 < e c „ < Taking the inhmum over x 0 , e Ct = 0. 

We just suppose that there exists u G S{c+) such that E(u) = e Ct , then it follows from 
(3.4) that 

C{u) = 0, (3.7) 

which and the condition (Vo) imply that u must have compact support. On the other 
hand, (E\g^)'(u) = 0. Then there exists /i Ct G M such that E'(u) — fi Cit u = 0, i.e. for any 

h G C™(R N ), 

0 = ( E'(u ) - [j.C'U, h) 


(’ S/uS/h — Hc* u h) 



N+a+2 

N 


N+a+2 o 

N uh 


(3.8) 


= U W.4-a (u) - h), 

N 


where we have used the fact that J rN V(x)uh = 0 due to the Hblder inequality and (3.7). 

Then by Lemma 2.6, we see that fi Ct < 0. Set u(x) := then by (3.8), 

w is a nontrivial solution of (3.2) with \w\ 2 = c*, hence by Lemma 3.2 to is a groundstate 
solution. So by Lemma 3.1 (4), lim |m(x)||x| - 2 - G (0,+oo), which contradicts (3.7). 

\x \—>-+oo 

Moreover, we conclude from (3.5) and (3.6) that lim sup e c < v ^ as t —> +oo. By the 

C—>(c*)~ 


arbitrary of xq, we have lim e c = 0 = e Ct . 

c —^(c*) 


□ 
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In the following, we consider the concentration behavior of minimizers as c approaches 
c* from below when N — 2<a<N if N>3 and 0<a<iVifiV = l,2 and the potential 
V(x) satisfies conditions (Vo)(Vi). 


Lemma 3.5. Suppose that (Vo)(Vi) hold, then there exist two positive constants Mi < M 2 
independent of c such that 


Mi 




< e c < M 2 



as c —>■ (c*) , 


where q = rnax{g,, q 2 , ■ ■ • , q m }. 

Proof. The proof consists of two steps. 

Step 1. Without loss of generality, we may assume that q = qt 0 for some 1 < io < m. 
By (Vi), there exists R > 0 small such that V(x) < 2/j,i 0 \x — Xi 0 | 9i o for \x — Xi 0 \ < R. 
Similarly to (3.5), let 

cA r ^ (2(x-x io )\~ 

u(x) : = -V? --- Q N±a± 2 {t(x - x io )) G S(c), 

c* V R J N 

where A R t > 0 and A R t —> 1 as t — * +cxd. Then 

C(u) < 2fil ° C f \x\n 0 \Q N+a+ 2\ 2 . 

cl Jm 


Hence similarly to (3.6), for large t, 


H((5jV+«+2) 

r . . 2 ( 0 + 2 )-, 

f C \ N 

e c <-—- 1 2 

1 - — 

2 

\ C *J 


+ 2p,i 0 t 


x\ qi o\Q N+g ± 2 (x)\ 2 + t 2 h(t), 


where lim \h{t)\t 2 = 0. By taking t — [1 — (—) ( ^v } ] ^o+ 2 , then there exists a constant 

t —>+oo c * 

M -2 > 0 independent of c such that 


C c 5; M 2 




Step 2. For any 0 < c < c*, there exists u c G S'(c) such that E[u c ) = e c . By (3.4) and 
Theorem 1.4, we see that 


C(u c ) < e c —> 0 as cG (c*) 


(3.9) 


We claim that 


A(u c ) —> Tcxd as cg (c*)“. (3.10) 

In fact, by contradiction, if there exists a sequence {c*,} C (0, c*) with Ck —» c* as k —> +cx> 
such that the sequence of minimizers {u Ck } C S(ck ) is uniformly bounded in PL, then we 
may assume that for some u G PL, u Ck u in PL and by Lemma 3.4 and (3.1), 


u Ck —> u in L 2 (R n ) and B{u Ck ) —> B(u). 
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Hence u G S(c*) and 0 < e Ct < E(u ) < lim E{u Ck ) = lim e Ck = 0, i.e. u is a minimizer 

fc—>-+oo /c—>•+ oo 

of e Ct , which contradicts Theorem 1.4. 

Since 

0 < \a{u c ) - 0/Ar ^ , n M u c ) < e c , 


we see that 


Then by (3.10), set 


lim N+a+2 

c—>(c*) 


2(N + a + 2) 
N B(u ,' 


= 1 . 


er 2 : = 


TV 


2(iV + a- + 2) 


A(u c ) 

B(u c ) —* Too as c4 (c*)" 


and w c (x) := £ c 2 u c {£ c x). Then |uZ ) c |2 = c and 

N 


2{N + a + 2) 


B(w c ) = 1, 2 < A(w c ) <2 + 2e 2 e c 


(3.11) 


(3.12) 


Let 5 := lim sup f p> , , |w c | 2 . If <5 = 0, then uy —> 0 in L S (R JV ) as c —* (c*) , 2 < s < 2*, 

y&R N 1{y> 

hence by (1.4), B(w c ) —> 0, which contradicts (3.12). So <5 > 0 and there exists {y c } C 
such that j Bi (y ^ \w c \ 2 > f > 0. Set 


D N 


then 


w c {x) := w c (x T y c ) = e c 2 u c (e c x T £ c y c ), 

5 


\Wr\ > ~ > 0. 


'B i (0) 


(3.13) 


We claim that {£ c y c } is uniformly bounded as c —> (c*) _ . Indeed, if there exists a 
sequence {cy.} C (0,c*) with Ck —» c* as k —* Too such that |e Cfc y Cfc | —» Too as k —* Too, 
then by (Vo), (3.9) and (3.13) and the Fatou’s Lemma, we have 


0 = lim inf 

/c—>+oc 


y(x)|u, 


Cfc 


2 = lim inf 

k —>-+oo 


V( £ Ck X + £ c fc l/c fc )|w Cfc (.T)p 


> / lim inf [H(e Cfc a; T e Cfc y Cfc ) K* (x) | 2 ] 

/ TD> iV k —>-+oo 


> / lim inf [V{e Ck x T £ Ck y Ck ) | w Ck (x) | 2 ] 

> (+oo) • - = Too, 

which is impossible. So { £ c y c } is uniformly bounded as c —* (c*) _ . Moreover, there exists 
Xj 0 G {aq, • • • , x m } such that 


£ c y c % 


JO 


is uniformly bounded as c —>• (c*)~ 


(3.14) 
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Indeed, by contradiction, we just suppose that for any ay e {ay, • • • , x m }, there exists 
c k —> (c*)- as k —y +oo such that | £ ° kVck Xl | —» +oo as k —> +oo. By (Vi), (3.13) and the 


- c fc 


Fatou’s Lemma, for any positive constant C, 


Inn inf £ c /‘ / V(e Ck x + £ Ck y Ck )\w Ck (x)\ 2 > / lim inf 


^(V + £ Cfc ?/ c J 


/c—>-+oo 


fc—>-+oo 






> / lim inf 

./HJiV >-+oo 


I/(£ Cfc T + Xi) 


-1i 

'Cfc 


w Cfc (a: + 


e c k Vc k n 1 2 


'Cfc 


> / lim inf | x | 9i | w Ck (x + 


X i e c k Vc k s 12 


/c—>+oo 




> Ah 


lim inf I x + 


£ c k Vc k X l 


n 


'Bi(O) 

>M C . 


/c—>-+oo 




'Cfe 


Hence by (3.1) and (3.12), 

1 f ^(®cj NB (w Ck ) 


e Ck 2 

C k 


> - 

£ 2 


c k 


1-1 - 


2(AA + cH-2) 

2(a+2) 


+ 


I/(e Cfc x + £ Cfc y Cfc )|u), 


Cfc I 


+ 


/jjhC 


-Qi 

'Cfe 


>(! + -) 

Qi 


>(! + -) 

Qi 


2 

r . . 2(c+2)-| 

\ <?i+ 2 

1_/V\ w 

) 

V C J 


<h 

9i+2 


(3.15) 


2 

- 

. . 2( a +2)-| 

\ 9i+2 2 


(+ ' 

C'T+s 

1 - 

/ 


\ C *J 




9 

9+2 


as k —» +oo, 


which contradicts the upper bound obtained in Step 1 since C > 0 is arbitrary. Then 
(3.14) holds. So for some y 0 e R' v , 


£c|/c Xjo 


—* i/o an d £ c a/ c —> a;jo as c —> (c*) . 


By the definition of {uy} and (3.12), {«i c } is uniformly bounded in H 1 (M N ). Then up to 
a subsequence, we may assume that for some wo e i/ 1 (R JV ), 


and 


id c —^ w 0 in iL 1 (R iV ), w c —> w 0 in L^R^), 1 < s < 2* 

w c (x) —> w 0 (x ) a.e. in R+ 
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Then by (Vi) and the Fatou’s Lemma again, there exists a constant C 2 > 0 independent 
of c such that 


lim inf e c Qjo 

c—>(c„) _ 


V(e c x + £ c y c )\w c (x)\‘ 


> / lim inf--—— 

J r n m(c,)- \£c\ q30 


V{e c x + £ c y c ) 2 

-YE-W 


> / lim inf 


V(e c x + e c y c ) . £ c y c - x jo 


\£ c x + £ c y c ~ Xj 0 \ qj ° 


|^o|w c (x )| 5 


(3.16) 


> n jo / \x + y 0 \ qj °\w 0 (x)\ 2 := C 2 > 0. 


Similarly to (3.15), we have 


e c > (! + -)('» +1 


fc V 2 


2(of+2) -i q+2 


:= M x 1 - 


2(q+2) -I q+2 


as c —> c* 


Lemma 3.6. Suppose that u c is a minimizer of e c and V(x) satisfies (Lo)(bi), then there 
exist two positive constants K\ < K 2 independent of c such that 


K\ 1- 


2(q+2) -1 +2 

c\ N \ 


< A(u c ) < K 2 1 — 


2(q+2) -1 +2 

c\ N \ 


as c —> c* 


Proof. The idea of the proof comes from that of Lemma 4 in [7], but it needs more careful 
analysis. 

By (3.4), we see that 


C , 2(q + 2) 


e c = E(u c )>- l-(—) n A(u c ), 


then by Lemma 3.5, 


A(u c ) < 2 M 2 1 - — 
V C* 


2(q+2) -1 qi-2 


where M 2 is given in Lemma 3.5. 

For any fixed b e (0,c), there exist two functions Ub e S(b), u c G S(c ) such that 
eb = E{ub) and e c = E(u c ) respectively. Then by (3.1), we see that 


&b — E ^ Uq \ e c T ^ 1 


2(q+2) 

b\ N 


A(u c ). 
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Let 7] := ~~ > 0, then rj —* Too as c —* (c*) . Then by Lemma 3.5, we have 


1 AI \ e c 

-AxVjq) 


2 -V-W - , 2^ 


> 


. . 1 . 2(g+2) . 9 . . ^ . 2(ck+2) . 9 

A+(l — (—) N ) q+2 ~ M 2 (l — (—) w ) 9+2 




> 


> 


1-1 - 

c* 


2(a + 2) 

N 


_ 2 _ M\ 

"■ 9+2 


1 - ^ ^ 


b . 2(c+2) 


1 — 1—1 JV 

v c* 


- 9+2 — Ado 

2(a+2) ^ 


2 (g+ 2 ) -i q+2 


~M 2 


which gives the desired positive lower bound as c —* (c* 

Proof of Theorem 1.5 


□ 


Proof. Let {c k } C (0, c*) be a sequence satisfying Ck —> (c*) as k —> +oo and denote 
{u Ck } C S(ck) to be a sequence of minimizers for e Ck . Set 

e fc :=[l-(^)^]^>0. (3.17) 

c* 

By (3.4), Lemmas 3.5 and 3.6, we see that 

Kief 2 < A(u Ck ) < A" 2 +- 2 , 0 < C(u Ck ) < 2M 2 e q k 

Let 

N_ 

™c k {x) ■= £ k U c k {£kX) r 

then |fy c | 2 = c and 

Ki < +«) < A- 2 , B«) < N + ° + 2 K 2 (3.18) 

Let 5 := lim sup J R |+ Cfc | 2 - If <5 = 0, then by the Vanishing Lemma 2.2, w Ck -T 0 in 

k^+oo yeR N U > 

L s (R n ) as k —> Too, 2 < s < 2*. Hence by (1.5), B{w Ck ) —> 0. So 

0 < — < < e c . e 2 k H— - -—- B(w c .) —» 0 as k —> Too, 

2 - 2 “ c ‘ 1 2(iVTaT2) 1 

which is a contradiction. Then S > 0 and there exists {y k } C such that f Bl ( yk j \ w c k \ 2 > 
| > 0. Set 

N 

w Ck (x) := w Ck (x T y k ) = ef u Ck (e k x T ey k ), 
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then 


and 


IB 1 ( 0 ) 


KJ > - > ° 


V(e k x + e k y k )\w Ck (x)\ 2 = C(u Ck ) < 2 M 2 s q k . 


(3.19) 


(3.20) 


Similar to the proof in Lemma 3.5, one can show that {s k y k } is uniformly bounded as 
k +cx). 

Since u Ck G S(c k ) is a minimizer of e Ck , (E\g,^y(u Ck ) = 0, i.e. there exists a sequence 
{A k } C M such that E'(u Ck ) — A k u Ck = 0 in "H -1 , where "H -1 denotes the dual space of %. 
Then 


, N+a+2^2. 


N 


£ k e c k - e 2 k C(u Ck ) - 2±-A{w Ch ) 


£ k x k = 

c k 

which and (3.18)(3.20) imply that there exists (3 > 0 such that 

£ k \ k —y —/3 as k —} Too. 

By the definition of w Ck , we see that iu Ck satishes the following equation 


-A W Ck + e 2 k V(£ k x + £ k yk)w Ck - (I a * |W, 


N+a+2 


Ck I 


)k 


JV+q+2 


-2 


Ck I 


w Ck = X k e 2 k w Ck in M . (3.21) 
Since {w Ck } is uniformly bounded in H 1 (J8L n ), there exists wo G H 1 (R N ) such that 
w Ck iv 0 in H 1 (R n ), w Ck -T iv 0 in L s loc (R N ), 1 < s < 2* 

and 

w Ck (x) —¥ w 0 (x ) a.e. in R N . 

Moreover, (3.19) implies that wo ^ 0. Then wq is a nontrivial solution of —Awo + j3 2 w o = 
(4 * |w 0 |^)|w 0 |™- 2 w 0 in R N . Set 

w 0 (x) := /3%W 0 {/3x), 


then Wo is a nontrivial solution of 

-AW 0 + W 0 = (I a * {Wol^^yWol^^^Wo, xeR N . (3.22) 

Hence by Lemma 3.1 ( 2 ), we have A(Wq) = x ) , /!(ir n ). So it follows from (3.1) that 


2(p + 2) 

c* N < 


2(c+2) 

^§^A(W 0 )\Wo \ 2 n 
B{W 0 ) 


|W ( 


2(c+2) 


012 


= \w 0 \l 


2(a+2) 


< 


lim 

k —»+oo 


2(q+2) 


2(o+2) 


w, 


Ck 12 


— C* 


i.e. |Wo 1 2 = | hho |2 = c*. Hence w Cfc —>■ w 0 in L 2 (M iV ) and then by the interpolation 
inequality, 

w Ck —> wo in L S (R N ) for all 2 < s < 2*. 

Moreover, Lemma 3.2 shows that Wo is a groundstate solution of (3.22). So by Lemma 3.1 
(3)(4), Wo(x) = 0(\x\ 2 “e - ^!) as |rr| —* +oo and we may assume that up to translations, 

Wq(x) is radially symmetric about the origin. 
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By (3.20), we see that for any g* G {gi, ■ ■ ■ , q m }, 


— V ( e k x + £ k y k )\w Ck (x)| 2 < 2 M 2 . 

£ qi Jr» 


Similarly to the proof of (3.14), there exists x ]Q e {aq, • • • ,x m } and y 0 G M. N such that 


e k y k —>• Xj 0 and — —» ?/o as k —> +oo. Then similarly to (3.16), we see that 


lim inf — / 

fc^+oo y R jv 


^(efcX + e fc i/ fc )|u; c;! (x)| 2 > / lim inf 


V' (e fc a; + e fc j/ fc ) 


/c—>-+oo 


Jfeo 


> Idjo \x + y 0 \ qj o\w 0 (x)\^ 


Pjo 

(3 q io 


\x + /3yo\ qj °\Wo(\x\)\' 


>4& I^IWoWI 2 , 

P 00 Jr n 


where the last inequality is strict if and only if yo ^ 0. Hence similarly to (3.15), 


(3.23) 


lim inf > -A(w 0 ) + lim inf —„ / V(£ k x + £ k y k )\w Ck (x 


fc—>•+OO 6 


/c—>+oo 2£ fc J]g>iV 


TV 


“ 2 1/ C *a + 2 ' pv o 


+ 


[ \x\ q >o\W 0 (x)\ 2 


2 , P 2 N \ q l° 
> c 2 | , + J0 


+2 


2 a + 2 


JO 


> 


2fl_ 


A- 0 c 2 / TV \ 9 j°+ 2 qj 0 + 2 


> 


2 \a + 2y q jo 

A 2 c 2 f N \ i+5 g + 2 


a + 2 


g 


(3.24) 


where A = min Aj and g = max g* 

l<i<m l<i<m 


On the other hand, for any G {xi, • • • , x m } and t > 0, let Vk(x) = AjA^ cp(x — 

x l )W 0 C ix ; k Xl] ), where ip is a cut-off function given as in (3.5) and A k > 0 is chosen to 
satisfy that v k G S(c k ). Then A k —> 1 as k —> +oo. Similarly to (3.6), by the Dominated 
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Convergence theorem, we see that 


lim 


E(v k ) 


t. 


N 


a — — A(Wq) + lim M 

k^+oo e\ 2 y k^+oo 2e^ +q 


V(x)\ip(x - Xi )W 0 ( 


t(x — Xi) , 


£k 


i(^+/ MM 

2 \ a + 2 t q JmN 


(3.25) 


<< 


t 2 n a: 

+ 


■<7+2' 


where 


and 


2 a + 2 qt q ) ’ 

- r 

Hi = lim - -- 

x^tXi \ X — xA q 


Hi, if q = qi, 
+oo, if q ^ qi 


y .... / /'A/ 


\x\ q \W 0 (x)\‘ 


1 

q+2 


A*, if q = qi, 

+oo, if q ^ q-i 

So, since t > 0 is arbitrary, by taking the inhmum over {Aj}”L 1 in (3.25) and combining 
(3.24), we see that 

e Ck \ 2 cl ( N \&q + 2 


lim 

k —^+cx3 e't 


a + 2 


q 


Then (3.23)-(3.25) must be equalities, which imply that 


Vo = 0, = 


a + 2\ «+ 2 


A 


and £kHk —>■ Xj 0 G {x*| A* = A, 1 < i < m}. Therefore, 


_ Q/ —J— 2 1 \ 2 Q/ —J— 2 1 

e fe«c fc (£fc2; + £fci/fc) = w Cfc (x) -A w 0 (x) = ((—^^A) Wb((—^)S+*Aa;) 


N 


in L^(R n ) for all ^ < s < ^yy- 


□ 
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